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Module 5

This mociule on f)emonstrating the Use of Co-ordinate
Gecmetry and Trigonometry has been produced by Institute of
-{du1t Education. All modules produced by Institute of Adult
Education are structured in the same way, as outlined below.

About this module

How this rnoduie is struetured

The modu[e overview

The module content

The module overview gives you a general introduction to the

module. Information contained in the module overview will
help you determine:

. If the module is suitable for you,

. What you already know,

. What you can expect from the module, and

. How much time you will need to invest to complete the
module.

The overview also provides guidance on:

. Study skills,

. Where to get help,

. Module assignments and assessments,

. Activity icons, and

. Units.

The module is broken down into units. Each unit comprises:

. An introduction to the unit content"

. Unit outcomes,

' Core content of the unit with a variety of learning
activities,

, A unit reflection,
. Assignments and/or assessments, as applicable, and

' Answers toAssignment and/or assessrnent, as applicable.

1

We strongly recommend that you read the overvie*'
carefully before starting yonr study.



About this module

Resources

Your comments

,"Yr'-@,"

For those interested in learning more on this subject, we
provide you with a list of additional resources at the end of
this module the resources are books, articies or web
sites.

After completing this Module we would appreciate it if you
would take a few moments to give us your feedback on any
aspect of this module. Your feedback can inciude comments
ON:

. Module content and structure,

. Module reading materials and resources,

. Module assignments,

. Module assessments, and

. Module support (assigned tutors, technical help, etc.)

Your constructive feedback will help us to improve and
enhance this module.

2
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Module 5

Dear learnel have you visited some places such as bank and

bureau de change? What did you observe? Have you see

some information written on the notes board? What kind of
information placed on the board? Again have you ever seen

things arranged in orders that follow some pattern or rules?

Visit places like library, church, classroom, planned streets

and other related areas and observe how things are arranged.

This module consists of four units which are Identifying
Properties of Coordinates, Identifuing Negative and Positive

of Trigonometrically Ratios, Describing Sines and Cosines

Functions and Deriving and Applying Sine and Cosine Rules

and Compound Angle Formulae.

I hope you will enjoy reading this module.

Upon completion of this module you should be able to apply

mathematical knowledge and skills to form lines, calculate

distance between two points and solve problems on parallel

and perpendicular lines in two-dimensional geometry.

Furthermore, you will be able to draw graphs of sine and

cosine functions and apply sine and cosine rules to solve

problems that we face in the real world.

Module overview

Welcome to this module

General competence

3
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Module overview

Study skills

As an adult learner'your approach to learning wiil be different
from the approach you used during your school days. lrlow
you will choose what you want to study, 3rou will have
professional andlor personal motivation for doing so and you
wili most likely be fitting your study activities around other
professional or domestic responsibilities.

Essentially you will be taking control of your learning
environment. As a eonsequence, you will need to consirler
performance issues related to time management, goal setting,
stress management, etc. Perhaps you will aiso need to acquaint
yourself in areas such as essay planning, coping with exams
anci using the web as a learning resource.

Your most significant considerations will be time and spctce
i.e. the time you dedicate to your learning andthe environment
in which you engage in that lear-ning.

We recommend that you take time now-before starting your
self-study-t a famrliarize yourself with these issues. There are
a number of excelient resources on the r."reb. A few suggested
links are:

. http:i/rlrlw.how-to-studlz.con/

The "How to study" web site is dedicated to study skills
resources. You will find links to study preparation (a
list of nine essentiais for a gcod study place), taking
notes, strategies for reading text books, using reference
sources, test anxiety.

. irttp:l/www.uec.vt. edu/stdysk/stdyhlp.html

This is the web site of the Virginia Tech, Division of
Stsdent Affairs. You will flnd links to time scheduling
(including a'khere Coes time go?,, link), a study skill
checklist, basic concentratian techniques, control of the
study environment, note taking, how to read essays for
analysis, memory skills ("remembering,,).

' httpi//tnrry-w.irowtcstud),.org/resources.S:hp

Another ooHow to study" web site with usefui links
to time management, efficient reading, questioning/
listening/observing skills, getting the most or.rt of doing

4
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("hands-on" learning), memorybuiiding, tips for staying

motivated, developing a learning plan.

The above links are our suggestions to start you on your way.

At the time of writing the web lirks were active. If you want

to look for more go to www.google.com and tlpe "self-study

basics", "self-study tips", "self-study skills" or similar.

Dear learner, in the course of your study, you may need heip in

various issues such as the location and how to get support from

resource centres, clariflcation oi varicus issues pertaining to

i,our siudy matertals (modules) aud so on. lf this happens, you

are advised to ask tbr the help from your ceiltre coordinator

or facilitator. You can also visit the website of the Institute of
Adult Education which is www.iae.ac.tz. You can also call no

+255 22 2150838 and ask for he1p.

Alter each unit. ;voti u,il1 be required to attempt one unit

assi-Enment. These are not meallt fbr submission rather for

reflectron on rvhat vou have leamed in the u'hole module.

You will also be grven tests and assignrnents for submission

as you will be guided by your module faciiitator. You wrll
also sit for mock examinations to accomplish your continuous

assessment.

Need help?

t&''n v

Module assessment

@
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Getting around this module

Margin icons

While working through this module you will notice the
frequent use of margin icons. These icons serve to .,signpost,,

a particular piece of text, a new task or change in activity.
They have been included to help you to find your way around
this module.

A complete icon set is shown below. We suggest that you
famrliarize yourself with the icons and their meaning before
starting your study.

tI
*

Activity Assessment

$ffi q$'tY
Assignment

HelpDiscussion Group activity NoEl__l

:,
---F
*p

0utcomes Reading Reflection

Summary
Terminology Time

Answers to

Assessments

ffi -.:-:..,1 i-''jll'r'

dy skiStu

Tip

Feedback

ffi
/IMTETKE"I

rffi
,tr

Computer-Based

Learning

Audio

#
Video

t't
T

0bjectives

?
*

Basic
Competence

I@
Case study

ru
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Module 5

Unit 1

ldentifying Properties of Coordinates

Introduction
Dear learner, in previous moduies you leamt several concepts

related to coordinate geometry when you dealt with locating

point on x-y plane, solving slope of straight line fbrrning an

equation and dtawing graph. In this unit you will leam more

about identifying properties of co-ordinates by determining

the coordinates of the midpoint of the live segment, calculate

distance between two points on a plane, determining gradients

of trvo parallel lines and describing pelpendrcular llnes.

\Varnr1r' u'eicot-ne I

Learning outcomes

Upon completion of this unit you willbe able to:

. Determine the coordinates of the midpoint of line

segment;

. Calculate distance between two points on a plane;

r Compute gradients to determine the conditions for any

two line to be parallel or perpendicular; and

. Solve problems on parallel and perpendicular lines.

Determining the Goordinates of the Midpoint of the Line Segment

Suppose you are given two points say A(5,2) and 8(9,6), you

can locate the points on x,y plane, join them, and find the

increase in x and the increase in y.

The increase in x: 9 - 5:4

The increase in y: 6 -Z:4
A

Divide increase in y by 2 i.e. ^:2 and add the results to the'2/.
initial value of x i.e 5t2:7. Divide the increase in x by 2t.e -'2



Unit 1: ldentifying Properties of Coordinates

v

:2, and add the result to the initial value oly i.e 2r2. you have
new point (7 ,4'\.Locate the point on x,yplane. The information
can be represented graphicaliy shorvn in Figure 1.1.

ts(e
6

,4(7

5

4

J

-------l

) t
(e,2)

1

I Z3 4 s 6 7 8 9

Figurel.l

Point {7,4) obtained above is the midpoint of two points A
and B

Look at flgure 1.2 and let P be a point with coordinates (x,,y,)
and R with coordinate (xr.yr). you can find coordinatei of
point Q (x,y) where Q is the midpoint of pR.

8
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Module 5

v

R(x, vr)

vVr

Q(x, J

Y-Yl

Dxl-x

P(xr , yl) x_x1

I

Figure 1.2

Considering angles of 1PCQ and 1QDR

IPCQ : rQDR (equiangular)

Thus- E: FQ : Qr,qD QR RD

pfl ro
Usms -: 

i glves
"nn nE"

{r-x1,i F q

i - - .i_ {-r- f\

But Q is the midpoint of PR

Then
:ft

-f

_I

OrX-.ff1 :'Yr-3-
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Unit 1: ldentifying Properties of Coordinates

fit--

Zg = x-+ x.!l

X +Xv_ 2 I

2

glves
?tr
;smgU

I I 
- 

1/-'t

v
v.+v,

2

Thus the coordinates of Q are

Example 1

Find the coordinates of the midpoint of the line joining the
points

(-4,7) and (i,-18)

Solution

The midpoint is given by:

(X, + X, v,+v.1 '1 "Z

2 2

-t
-+Ti rt-_

al

-3 -1
=[ ; L 2

Example 2

If the line fuom(-4,yr) to (xr. -3) is bisected at (1, -1). Find

10

[.r. +r r'. + r', )
| - " :'l
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:,:w,' Module 5

the values of y, and x"

Solution

.I:.I3 * X1

2

- =--i -r- .

2: -4 -t

6: *,
X,

From the lormula

,-( Y'* Y'.1
't)l

,/

, _t - -n
-t--

.1 :rr -?Jl

1:vrl
'. The values of x, and y, are 6 a*d I respectively.

Self Assessment

ffi If you are given that, the vefiices of the triangle ate (-4, 2),

(-10, -6) and(2, -3) what are the coordinates of the rnidpoint

of its sides

Calculating Distance Between Two Points on a Plane

Consider two points P(7,2) and R(3,5) what is the distance

between them? Which method do you think can be used to

find distance?

Norv consider two points P(r,, y,) and Q (-r.. y,) so that the

distance PQ is to be determined in terms olr,. r'. r. and 1''.

11



Unit 1: ldentifying Properties of Coordinates

Vr

Y1

Yz(xr,

Yr

a

Vr

)

P(x1,yl)

Xz-Xr

Xr X2

Figure 1.3

Join PQ and draw doted lines as shown in figure 1.3 Then:

PA: x, - xr andAQ : yz-yr.

iPAQ is a right angled triangle.

Applying Plthagoras theorems to JpAe gives

(PQ)': (PAf + (AQ)'

OR (PQ)' : (.:{:2 -.yr)2 + (y2- yl)2

PQ: f:-&]t*{F,-rr}:
Drstance (d) betrveen any two points on a plane is

obtained by the formuia d: *':-,lL)r+irr-4*3

A

12
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Module 5

Example 1.

Find the distance between (-1,7) and (4, -5)

Solution

Taking (-l , 7) as (,Q, i! ) and (4, -5) as (.ffr, ts )

The required distance d is

d: {tr:-trr}=+r.}.=-},r).

d -t -r

d:1j?5 + 14+

d: 13 units

Example 2

The distance between the points (-3, 5) and(x,2) is 5. Find
the numerical value ofx.

Solution

Taking (-3, 5) as (x,y) {x,2) as (.1r, iU and distance d: 5

d: {tr:-trr}t*{1.=-}'*r

5: {"-x + 3}

25 =(x+3)2 +9

16 =(x + 3)'

Solving the equation, the value of x is I or -7

13



Unit 1: Identifying Properties of Cosrdinates

tltis unit.

Determining Gradients of Two Paraile! Lines

Activity 1

1. Find the distance of the point (-15, 8) from the origin
2. The distance between (1, 5) and (K + 5, K + 1) is 8. Find K

given that K is positive.
3. The vertices of a triangle arc at (-3, -1), (2, -6) and (1, 1)

show that the triangle is isosceles.

Compare your answers with the answers given at the end of

Dear leamer, observe the house where you are li.ring, can

,rzou identify things which are in rectangular shapes? Can you
determine parailel line from those objects? In this section you
are going to learn more properties of parallel lines.

Suppose L, and L, arc parallel lines. Then from any point C
on L,, CED is drawn perpendicular to the x-axis, so it cuts L,
atE. andx-axis at D. as shown in figure 1.4.

T-!lv

T.

H

o
D.D l)

Figure 1.4

x

14

ffi
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Module 5

From the figure 1.4 identify equal angles. What is the

relationship between ABDE and IIADC?

it is not difficult for you since you learned about similar
triangles in stage two.

Now it is obvious that iBDE ''' iADC (equiangular)

Therefore

SE 3E

AI 3f

M2M

nut fi: slope of L, (M,,

A"d #: Slope of Lr(Mr)

[J'tt+,o lines are the,tame

Example I

Find the equation of the line which is parallel to y:3*-,
which goes through (4,2).

Solution

Given y: 3x - 7 is in form of y: mx+c, thus the slope of
this line is M, : 3

The parallel lines have the same slope

Thus, Mr: M,

Mr:3

Required equation is 3 : $
3x- 12: y -2
y:3x-i0



Unit 1: ldentifying Properties of Coordinates

Alternative solution

The line must have the same gradient as y: 3x - 7 which is 3

The equation is y:3x + C

Use the point (4, 2) to flnd c

So put x:4 andy:2

2:3x4+C
_10: c

The equation is,' = il - lil

Example

Show that the points A (1, 6), B (2,4) and C {4,0) are
collinear

Collinear points have same slope, thus siope ofAB:slope of
BC : Slope AC

4-& &-.1 8-6

"- ^-- ^ 
-

-/--/_-/

Thus these points are collinear.

Activify 2

1. Find the equation of a straight line which passes through point
A(-3, 4) and is parallel to the line with equation 3x + 4y -
1 5:0.

2. Find the vaiues of x so that the points A(1,3), B(-2,-3) and C(
x ,7) are collinear lying on the sarne iine.

3. A quadrilateral ABCD has vertices A(2,-3), B{2,4), C(6,6)
and D(6,-6). Shorv that it is a trapezium with the help of graph.

16

r

Collinear points are those point w-hich lies on the same
straight line. Tkese are tested h1l choo,sing points on lhe
iine us catnmoil to both iine segments aitd finC their s{opes.
Fot' collinear points the slopes of the seglilents shottid be
ecluul.



Module 5

Compare )sour answ*€rs with the onsu,ers given at the end of
this unit.

Describing Perpendicuiar Lines

l)ear iearner, have y-ou ever seen petpendicular lines in any
objects around you. Hopefully you wili mention many objects
wh_rch are in rectangular shapes. In this section you are gthg
to learn more properties of perpendicular lines. I.et fl aniL, be anli two perpendicular iines with slopes M, and M,
respectivell, as shou,n Fieure 1.4.

v

Lr
(x,, y,)

v P: (x3, y3)

x

a p
tr_____

R (xr,yz) t Q (x:,yz)

Pr (x, v,)

Figure 4

17
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Unit 1: ldentifying Properties of Coordinates t:{#

Choose points P, (x,, y,), Pr(xr.yr), Pr(xr,yr) R and Q.

Also ri, li' and r are Greet ietters, alpha, beta and gamma

respectively, representing the degree measures of the angles

as indicated.

Then

ct + S : B*' (complementary angles)

,x + r: B0* (complementary angles)

.S :.

'APrQPr-&P,RP2

FrI F1 ,A

U l-: r{!-,

-le -.tr 1'. -L'.,

_u! -_t l -f,2 -Jf t

But slope of L,:M, : };

And slope of Lr: Mr:3

Therefore a: -i,f' or M
,',',' r Mr: -i

Exarnple 1

Find the equation of the line through P (-2, 5) and
perpendicular to the line 6x -7y:4.

18

If no non-vertical lines are perpendiuilar y,ith slopes ltll
and M2. then lull M2 : -l



Module 5

Solution

The equation of the line 6x -7y:4

Written as y : l. =

Gradient of the line is I

But N4, Mr: -1 then ji;r -: -1

*, - which is the required gradient. Since the required

line passes through (-2,5)its equation it il : ?

5y -30 : -7r - 14

*y * 7x : 16617x -: 6y-1fi : *

Example 2.

Show that A (-3 , 2), B (5, 6) and C (7 , 2) are vertices of a

right angled triangle.

Solution

Slope ofAB:
.!i

tT+

Slope oi BC : 
= 

: 
=: -2

Since the slopes of AB and BC are negative reciprocals then

triangle ABC is right angled at B.

Activity 3

1. P, Q, R and S are at (3, 1), (4, 8), (2, 10) and (m, m). If PQ

and RS are petpendicular find m.

Show that (3, -2) lies on the line y:2r.-3. Find the eqnation

of the line through (3,-2) which is perpendicular to the iine
..:")v-R

2

19



Unit 1: ldentifying Properties of Coordinates

Find the coordinates of the foot of the perpendicular from the
point (4, 3) to the line 8x+6_v:25.

4. The middle points of the adjacent sides of the quadrilateral
with vertices A(5, -2), B (3. 4). C (-2,3) and D (0,-3) are
joined. By comparin,e gradients of the resulting figure give the
geometrical identification of tlie flgure so formed.

Compare your answers with the answers given at the end of
this unit.

Unit Reflection

J

w Now you have completed this unit. Do you think it is important
to learn midpoint, distance, parallel and perpendicular lines
in real life situation? What are the challenges did you face?

Suggest ways to overcome them.

Unit Assignment

U.fttt\./

The points A, B, C have coordinates (7,0), (3, -3) and (-3, 3)
respectively. Find the coordinates of the points Q, R, and S of
the midpoint of BC, CA and AB respectively.

Find the coordinates of the point on the y-axis which is
equidistant from the points (8, 4) and (6,6).

(a) The lines 2x 1 3y : Il and 3x - 4y:g meet at 1. Find the
coordinates ofA.

(b) Find the equation of the line through A which is
perpendicular to the line 2x+3y:17 .

(c) Let B be at C3, 5). Find the midpoint of AB if tlie
coordinates ofA are those in part (a).

4. Find the equations of the straight lines through the point (3,-2)
which are:

a) Parallel.

b) Perpendicular to the hne 2x + 5y : 1.7

2

-
-)

20



Module 5

Activities Answers
Activitv 1

1

2

J

17 units
K:4
It is Isosceles because two sides are equal with length r/50

units

Activity 2

1. 4y +3x-7:0

2. x=3

3. A trapezium is a quadrilateral having at least a pair of
parallel sides as you can see that slope ofAB: CD.
Therefore, ABCD is a trapezium as shown in the graph.

.t

Activity 3
1. m:9
2. i) Lies in the line because it satisfies the equation

ii) Y:-172, -,

3'

D

3. The coordinate olthe foot is tZ. i I

4. The quadrateral formed the adja&nt sides are perpendicular
to each other by comparing slopes and its rectangle.

2',1



Unit 2
ldentifying Negative and Positive of Trigonornetrie Ratios

Introduction

Dear learner, in stage I you learnt the trigonometric ratios of a
unit circle on the first quadrant where, sine, cosine and tangent
of angles are all positive.

In this unit you are going to study the sine, cosine and tangent
of angles in ail four quadrants on the unit circle and also the
signs of angles on those quadrants. Therefore, at the end of
this unit, you will be able to identifli the quadrant in whieh
the angles belong and you will also be able to identify signs
of angles in quadrants hence you will apply the knowledge
of signs of trigonometric ratios in solving various problems
which are related to it.

Learning Outcomes

Upon completion of this unit you will be able to:

' Determine the sine, cosine and tangent of an angle
measured in clockwise and anticlockwise directions;
and

. Apply trigonometric ratios to solve problems in daily
life.

Describing Signs of Trigonometric Ratio Sines, Cosines and Tangent of an
Angle

Now cansider an acute angle 0o (0 < 0" < 90") and point P(x,
y) as shown in Figure 2.1.

I

22
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y-ax$

)

x-axB

Figure 2.1

From fignre 2.1. yor-r r,r,ill have the foliowings
Opposite pe

(i) Sin 0' : Hypotenuse Op
But r : 1, since the radius OP : 1

v'.Sin0' T : y

.'. Sin 0' : y (positive).

(ii) cos 0o =
Adjacent

trypotenuse

But r: 1, since the radius OP : 1

'.cosOo L : x
I

.'. cos 0o : x (positive).

(iii) tan 0o =
Opposite

-=

Ad.lacent

tan}": f, fuositive)

_v
r

oQ
OP

x

v
x

'ant{ ttutgenl
cts .tott htlve

2.1 as sltov'tt bt poirtt
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go - is an acute angle

2" Consider an obtuse angle (a"): i.e 90'< cx, 
o < 180" and

the point P (-x, 
"v) 

as shown by fi,gure 2.2.

P (-r,

x

Figure 2.2

From figure 2.2, you can see that uo is an obtuse angie that is
an angle which is greater than 900but less than 180"

(90'< cro < 180o), and it is in the second quadrant.

Note: 0" : 180o - o,"

Then:

Opposite(i) Sin 0o : Hrp"I.r-*
PQ

OF
J
r

but r: 1

Sin0o: + : y

sin 0o : .y (positive)

24
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Module 5

(ii) cos 0o

but r: 1,

Adjacent OQ
Hypotenuse - OP ----

since the radius OP : | '

cos 0o

cos 0o

(rii) tano" = Edacent = 
-od

x= -- =_x
1

-x (negative)

v

tan 0" : (negative)

There.lore, in seconcl Entlrant only sine oJ-cmgles is po.sitive.
The cosine and the tongent of angles in this quodrant ctre

nega{ive.

Consider the reflex angle ao in the third quadrant (180'<
0"<21A") and point P (-r, -y) as shor,,zn in the Figure 2.3
belorv.

x

P Cr,-y

Figure 2.3

From Figure 2.3 a" is a reflex angle, that is an angle between
180' and 270" and it is in the third quadrant.

v

J
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Unit 2: ldentifying Negative and Positive of Trigonometric Ratios a ldl*.t

Note; 0o = 0,o - 180"

Then:

Opnosite(t) stn o" = Hyp;enuse 
: PQ

OP

PQ -y

v
r

but r 1

nn Adjacent(tt) cos H" = i---\" / Hypotenuse
oQ
OP

x
cosU" = -- = -x

I
'. cos 0o = -x (negative)

Opposite(iii) tan 0o = Adacena =

sin0o:-!,
1

sin 0o : -/ (negative)

tanOo--Y (negative)

x
r

but II

oQx

x

Therefore, in the

But sine and
negative-

4. Let us consider the Reflex angle cro which is in the fourth
quadrant as shown in figure 2.4.

26
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,-y)x

Figure 2.1

From Figure 2.4, point P(x, -y) is in the fourth quadrant and

angle cro is a reflex angle (270 ( c{,o { 360").

Note; 0o :360o - oo

Then;

Oooosite
trypotenuse

(i) sin 0o

But

.'. sin 0o = -

.'. sin 0o: -/

PQ D- YIOPr
1

l:-t
(negative)

Adiacent(ii) cos oo : nyplten,se 
: oQ_,

OPr

But r :1
xcosU": 1 : x

.'. cos 0o : .tr (positive)

0[o

X---+

27



Unit 2: ldentifying Negative and Positive of Trigonometric Ratios t**&r

(iii) tan 0o
Opposite

-Aqacent- -
PQ
oQ

: _y
x

..tan0o:_! (negative)
x

You have seen that the trigonometric ratios are positive or
negative depending on the size of the angles and the quadrant
in which the angles are found.

The results obtained can be summarized in order to help you
in determining whether sine, cosine and tangent of an angle is
positive or negative as. See Figure 2.5

x.

Figure 2.5

quadrcnt only
are negative.

QUADRANT [I' 
[r,n *,,"

Sin +Ve I Cos -ve
I r* -r"t

All +Ve
Sin +ve
Cos *ve
Tan -l-ve

QUADR{NT ItI

lrt -,.
f co, -r"
[ran 

+ve
Tan +Ve

QTIADRA.NT IV

| ,* -,.
Cos +Ve{ Cos *ve

[r*-,.

!:E
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'it-; r-t!ir7i1i t1t iti iit,-'';..r ri:i LlttLtLlrdill lLi{it - tto - qa

To obtttiti Li'iit titt tiiii,i,1ir,trii'tlitt ti'- l,\()o - clo

To obtain t1" in tite./titti'tlt t1it,L,it .ii:i -l 6t)' - tt' - tl'

Note: In all quadrants discussed you have seen that the values

of x and ycomponents are rcos9 and rsind respectively.

If we apply Plthagoras theorem to get the value of r in any

right angled triangle across all quadrants we have:

12 : xz + yz butx=r cos0 and y :rsin 0 . Then,

,' =(r cos7)' +(r sin2)'

: r'cos' 0+rz sin2 0

r2=r2(cos'e+sio'e)

This becomes:

Also, from the relation that tanT-oplot""
adjacent

in our right

angled triangle across quadrants we have

tan 0 =1,blt x :rcos 6andy :r sin 0 . Then
"r

- rsin? sin?lAnq:- =rcos? cosd

sin 0
I here lore- tan H - _' cosd

This shows the relationship exists in trigonometric ratios

Example 1

Write the signs of the following trigonometric ratios:

(a) sin 170o (b) cos 240" (c) tan 310'

29
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Solution

(a) 170'is in the second quadrant, hence sin 170" is
positive

.'. sin i 70' is positive.

(b) 24A' is in third quadrant, hence cos 240o is Negative

.'. cos 240o is negative.

(c) 3 10' is in the fourth quadrant, hence tan 3 1 0o is
negative

.'.tan 31 0o is negative.

Example 2

Express the following in terms of the sine, cosine or tangent
of an acute angle:

(a) tan 95' (b) cos 165" (c) sin 317".

Solution
(a)tan 95".

95o is in the second quadrant

: (180. _ 0o)

0o :95o

: (190 _ 95")

: 85o

tan 95o -tan (180" - 95)

.'. tan 95o : - tan 85o

(b) cos 165o, is in the second quadrant.

(180" - e" )

0o: 165'

: (180 _ 165)

: 15o

cos 165o: - cos (i80 - 165)

.'.cos 165o : - cos 15o

30
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(c) sin 317' is in fourth quadrant.

0o: ( 360" _ 0" )

00: 3170

sin 317' : -sin (360" -317")

.'. sin 3IJ" : -sin 43o

Example 3

Find sin q, cos q and tan q if the terminal side (hypotenuse) of
0o is the point Q t5, -12),

Solution

t')
l3

Q (-5,-i2)

Figure 2.6

Applying Pfihagoras theorem

-5)'+ (-12)'

25 + 144

o

oQ-

oQ-
oe- {*
oQ: 13
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Unit 2: ldentifying Negative and Positive of Trigonometric Ratios

'. sind: -5
IJ

"oto= 
-P
IJ

tan? =
-5
l2

Example 4

Find cosqo, sinqo and tan 0o if 0' is the angle made by the
positive x-axis and the line from the origin to each of the
following points:

(a) (2,6) (b) (12, -s)

Solution

(a) (2,6)

6)

Figure 2.7

By Pythagoras theorem, from Figure 2.7

OQ'+ PQ2: gPz

22+62 : c2

C:4 + 36

5

2g
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c2:40

4*C

L
2x2x2x5

c :21f to
2

(il cos 0" : Z^,li-V

Rationalizing the denominator

-L"'\F 4\fo-
r\F'{,n 4\rtl

6 :^,ffir-x Y

l4l lu, :vru

^tr10

\e-

6

Rationalize denominator

(ii) sin 0o : zi to

sin oo - 3\F

(iii) tan 0o =

10

Opposite
Adjacent

2\tt V,--l

4x10 i0

6
_1

2 -3

33

.'. cos 0" : 10

.'. tan 0o 3.
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c2: 40

c li,
2x2x2x5

L

' :'nld
2(r) cos 0" : 2\F

Rationalizing the denominator

2i"
,V,,1f,

6 :r[o
:n/io r-:,-Y tv10

318-
10

2 _4\F: 1F
4 x10 i0

1r-

x
2

cos 0o : 10

6

(ii) sin 0o : 2\lto

Rationalize denominator

2\Io V*3

sin 0o =

(iii) tan 0o =

4x10 1t)

tan 0o 3,

Opposite 6-eaj**t-: , -3

33
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Unit 2: ldentifying Negative and Positive of Trigonometric Ratios

(b) (12, -s)

P(12.-s)

Figure 2.8

v

A

By Pythagoras theorem, from Figure 2.8

a2 + 6z: ,z

I22 + 1-512: 
"2

c2: 144 + 25

c2: 169

,: {16e
c: 13.

cos 0o : Adjacent
trypotenuse

oQ
oP 13

12

12

t2
cos 0 : ,,

D,}rv
OF

sin eo : Opposite
Hypotenuse

5

-5
... sin o": j12

34
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Opposite
tan H" " 

',:
Ad.lacent

PQ

oQ
5

1a
IL

-5
.'.hn A" : O

ffi
Activity 1

1. Write the signs of each of the following:
(a) cos 160'

(b) sin 310'

(c) tan 75"

(d) sin 220'

(e) cos 355'

(f) tan 190'

2. Find the values of cos qo, sin qo and tan qo if q" is

an acute angle made by the x-axis and line from the
origin to each of the following points.

(a) (2,6)

(b) (-r2, -s)

(c) (-4, -3)

(d) (3,4)

1J Express the following in terms of the sine, cosine and

tangent ofacute angle.

(a) sin 333"

(b) tan268"

(c) cos 103'

Compare your answers with the answers given at the end
of this unit.

35



Unit 2: ldentifying Negative and Positive of Trigonometric Ratios

Positive and Negative Angles

Dear learner, in the previous section you have leamed signs of
all trigonometric ratios in all quadrants. In this section you are
going to learn about positive and negative angles.

Angles may be positive or negative depending on the direction
in which the angle is measured. An angle may be measured in
a clockwise or anti-clockwise direction. Angles measured in
the clockwise direction from the positive x-axis are negative.
Angles measured in the anti-clockwise direction from positive
x-axis are positive.

Therefore, in this section you are going to study the angles
measured in the clockwise and anti-clockwise direction. At the
end of this section you will be able to identi$r the angles which
are measured in the clockwise and anti-clockwise directions.
And finally you will be able to apply the knowledge of the
positive and negative angles in solving various problems
related to it.

Consider the x-y plane which shows the positive and negative
angles as shown in figure 2.9.

Y
P

+eo \,r]\
- c[o

Figure 2.9
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From the hgure 2.9, you will see that angle.\1P is a positive
angle because it is measured from the anti ciockwise direction
from the positive axis. Angle -KQ is a negative angle because

it is measured in clockwise direction from the positive x-axis.
You can easily remember the clockwise and anti-ciockwise
directions by using the symbols of N for anticlockwise and S
for clockwise direction.

Thus

(a)

Angles in Anti-clocku,ise

directron are positi'r'e.

(b) Angles in clockwise direction are negative.

Also positive and negative angles can be located in the fbur
quadrants with the Corresponding trigonornetric ratios as

shown in figure 2.10 and figure 2.11.

900

clockwise

1 B0' 0"

3600

2700

Figure 2.10
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Unit 2: ldentifying Negative and Positive of Trigonometric Ratios

From Figure 2.10, you will see that the angle qo is measured

in anti-clockwise direction.
Then, if 0' is positive, the negative angle,ao corresponding to

qo is given by (-360" + e").

Thus,
go=3600*0o

_)

-350'

00

lockwise

Figure 2.11

From Figur e 2.ll , you can see that the angle 0o is measured in
clockwise direction.
Then, if 0' is negative, the positive angle, oo, coffesponding
to qo is given by (360'+ 0').

oo=3600*0o

Examples
Find positive or negative angies cortesponding to each of the

following angles:

(a) 273"

(b) -210"

(c) 304"

(d) -1is'

,t,.,.&i!t,.
;*i,\#iry

1
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Solution

(a) 273"

0o - Positive

cro: -360o +eo
cro:_360o+273"

.'.cI,o : -87o

(b) -2t0"

0o - Negative

uo :360 + eo

uo :360 - 2I0'
oo :150o

cxo: 150o

(c) 304'

0o - Positive

go:-360o*0o

oo:-360o+304"
.'. cto : -56

(d) - 115"

eo - Negative

cro :360o * 0o

u" :360o -115"

:.a":245"

2. Find the positive and negative angles corresponding to each

of the following angles:

(a) 144"

(b) -23r"

(c) -7A "

(d) 310"
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Unit 2: ldentifying Negative and Posltive of Trigononnetrie Ratios

Solution

(a) 144"

0o - Positive

cro:-360o+0o

cro :-360o +144'

a": -216"

(b) - 231"

eo - negative

cro :360o f 0o

cro :360o -231o

.'.a" : l29o

(c) -70o

eo - Negative

uo :360o t 0o

cro :360 o- 70

a" :290"

(d) 310

0o - Positive

ct":-360o+0"

oo:-360o +310'

.'. cro : -50o
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Activity 2

1. Find the positive or negative angles corresponding to
each of the following angles.

(a) 186'

(b) -110"

(c) 3A2"

(d) -225o

2. Find the positive or negative angles corresponding to
each of the following:

(a)-216"

(b) 208.
(c)-3 1 2'
(d) 150'

3. Find the angle which is corresponding to 160'.

4. Find the angle which is corresponding to -89o

5. Find the positive or negative angles corresponding to
each of the following:

(a) -30"

(b) 30'
Compare your answers with the answers given at the end of
this unit.

Applying Trigonometric Ratio in Daily Life

In previous section you leamt how to identifir negative and

positive angles. In this section you will apply the trigonometric
ratio in solving the problems which arcratedto the real life of
human being.

The trigonometric ratios can be used in solving practical
problems with the application of angle of elevation, angle of
depression and bearing.

Example 1.

A man is 172 cm tall, and the length of his shadow is 158cm

Find the angle of elevation of the sun.

1

1
I

I
t
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Unit 2: ldentifuing Negative and Positive of Trigonometric Ratios

Solution

You have to sketch a flgure according to the instructions given
See Figure 2.12.

172cm

17

158crn

Figure 2.12

By applying the tangent of 0o, the angie of elevation of the
sun is given by

t

tan 0o =
17Zcm

l72cm

158cm

tan 0o : 1.089

By taking the inverse of tangent 1.089 you wiil have

tan-t 1.089: 0"

e" tan-t 1.089 (from mathematical tables of tangent)

eo : 47o 26'

.'.The angle of elevation of the sun is 47o 26'.

Opposite
-Eqacent -

158cm
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Example 2

Petro stafts from point P and cycles 19.8 km to the point of a

direction N41o22'W how far has he travelled West and North
respectiveiy?

Solution

Let x and y be the distance in km due West and North of P
respectively as shown in Figure 2.13

x
oi41'22

1'

19.

w E,
P

S

Figure 2.13

x
Sin4lo22' : tg^A = x:19.8 x sin 41"22'

But sin 41"22' : 0.6608 (from mathematical tables of sines)

.'.x:19.8x0.6608

.'. x :13.08km

v
Cos 41o 22': fq.Z

= y:19.8 x cos47o22'

But cos 41" 22': 0.7505 (from mathematical tables of cosines)

43
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Unit 2: Identifying Negative and Positive of Trigonometric Ratios

y : 19.8x0.7505

y 14.86km

.'.Petro travelled 13.08km West of P and 14.86 km North of P

Example 3

From a certain point A, Fatuma observes the angle of
elevation of the top of a tower to be 32". Moving 30 m further
away to a point B on the same horizontal level as the bottom
of the tower C, she observes the angle of elevation to be 22" .

Find the distance AC and the height of the tower.

Solution

Let hbe the height of the tower and x be the distance AC as
shown in figure 2.14

B

P

30mAxC

Figure 2.14

From the figure 2.14, tan 32o :

= h : rtan32....
h

tan 22" : Ff6
= h : lx+30)tan22",

h

x

(i)
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h : x tan22" + 30 tan 22" ............(i0

Combine equation (i) and (ii)

x tan 32" : x ta17 22" + 30 tan 22o

x tan 32" - x tan 22" : 30 tan 22"

x (tan 32" - tan 22") : 30 tan 22"

x 30 tan 22tan32tan22

But tan 32' :0.6249 andtan22' :0.4040 (from
mathematical tables)

30 x 0.4040
x 0.6249 - 0.4040

12.12
</. o

0.2209

54.9m

x

x

.'.Distance ofAC : 54.9m

Since h : xtan32"

h 54.9 x0.6249

h 34.3 m

.'.The height of the tower is 34.3 m.

Example 4:

A woman sees a tree on the other side of a river, on a bearing
of 300. After walking 100m along the bank, the tree is
directly opposite on a bearing of 450. How wide is the river?

4&

.t
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fl
,15

W,,

30

River

Figure 2.15

Solution

The diagram shows the situation.

Let the width of the river be w (m). the difference between
the bearings is the difference between the two directions.
Hence

100
tan l)': w

ffi

w:100 + tan 150

The rvidth of the river is 37 3 .2 n.

Note: the width is also given by w:100 x tan 750.

Activity 3

1. The edges ofrectangular garden are 163 m long and 109 m

wide. Find the angles made by a canal and the edge if the

canal cuts the garden diagonally.

2. A ship starts a point F and travels 22km in a direction N 32'r

41'E How far north and east of P is the ship?

3. The angle of depression of a boat fi om the cliff 25m is 120.
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Find the distance of the boat from the bottom of the cliff.

4. At a point 182m from the foot of a tower on a level road, the

angle of elevation of the top of the tower is 360 44'. Find the

height of the tower.

Compare your answers with the answers given at the end of
this unit.

Dear learner, you have completed unit two. Can you apply the
sine, cosine and tangent of an angle measured in ciockwise
and anticlockwise directions to solve related problem in your
daiiy life?

Can you apply trigonometric ratios in flnding height of the

tower, width, level, height of trees, rivers mountains, buildings
and the like?

1. Write down the values of the following
(a) cos 1100

(b) sin 3080

(c) tan 940
(d) cos(-2730)
(e) sin (-4000)
(f) sin (1,4000)

2. A tree is 5 m high. The point x is on grotind 20 m from the

base of the tree. What is the angle of depression of x from the
top of the tree?

ffi!-€#*ffiffiW

Unlt AssEgnment

3. The sine ofan obfuse ansle is 1 . airUthe cosine

4. Find x if sin ^: ! and cos *:1{\
5. If the teminal side of op is p(-2,-5) , find:

il
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8-

E*

(i)
(ii)
(iii)

Activities Answers

Sin 0o

Cos 0"
Tan 0o , where 0o is an angle which op makes with the

x-axis

6. Suppose tan x : 0.7. Find x, and hence find tlr'o possible

values of cos x and sin x

7. From the top of a cliff 35 m high the angles of depression of
two boats lying in a line due east of the cliff are 27o and 23o '

Find the distance between the boats.

8. For the following joumeys, find the distance North or South

and the distance East or West:
(a) 860 km on a bearing of037o
(b) 1230 km on abearing of 14go
(c) 80 km on a bearing of250o
(d) 180 km on a bearing of3250

9. A plane flies for 200 km roughly North - East, ending 130 km

North of its starting point. What is the bearing on which it has

flown.

10 Show that P (0.6, 0.8) lies on the unit circle flnd the

angle that OP makes with r-axis.

Activity 1

1.(a) Negative

(b) Negative

(c) Positive

(d) Negative

(e) Positive

(f) Positive
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2. (a) sin t:aF, cos o: q,tan o: -3

(a) sin o: E co, o: ,i

-3

5

(d)Sine: + coso: I tune

3

4

tan

tan

t2
5

4;
J

4;
-)

e

0(c) sin e: + cos o =

5 (a)- Sin 270 , Cos 270, -tan 270

(b) - Sin 880 , -Cos 880, tan 880

(c) Sin 770 , -Cos770, -tan77o

I. Activity 2

(a) -1740

(b) 2soo

(c) -580

(d) 13so

(a)

(b)

(c)

(d)

t44

-1520

490

-2700

1

2

3. Several angles like 200, 2000...

4. Several angles llke 9lo,27lo

5. (a) 3300

(b) -3300
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Activity 3

1. 33046'and56o 14'

2. 18.52 km East. 11.88 m North

3. 5.31km

4. 13s.82 km

,H*
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{Jnit 3
Describing Sines and Goslnes Functions

lmtroduetion

In the ulrt 2 of this module you learnt how to get sine, cosine

and tangent of an angle measured in the clockwise and
anticlockwise directicns.

In this unit you wiil study the sine and cosine, functions and

the techniques of drawing their graphs. At the end of this
section you will be able to draw the graphs of the trigonometric
functions and also to apply the graphs in solving various
problems which are related to it.

The relationship between the angles and its trigonometric
ratios deflnes a function. For example if sin 0" : y, then the
ordered pair (0o, y) defines the sine function. Similarly if cos

0o : n, then the ordereci pair (0", r), defines the cosine function
and if tan 0o : yx then, the ordered pairs (0o ,yx) define the
tangent function. Any trigonometric function can be an even

or odd function.

l-earrting Suteomes

Upon completion of this unit you will be able to:

. Draw and interpret the graph of sine functions; and

. Draw and interpret the graph of cosine functions

Drawing and lnterpreting the Graph of Sine Functions

In this section you are going to study about the sine function
as an odd function and how to draw the graph of sine function.
Also you will be able to apply the graph in solving problems
related to it.

The function is said to be an odd function if f of minus x is
equal to minus/of x, that is if fl-x) = -l@). Therefore,fl-x)
in sine function is equal to l(x). Hence, the sine function is

an odd function becausefl-x) is equal to j(x). For exarnple:

5'i



Unit 3: Describing Sines and Cosines Functions

Graph of Sine Function

sin (-45") : -sin 45"
sin -135' : -sin 135o

sin -240" : -sin 240"

After you have familiarized yor-rselfwith positive and negative

sine of angles, let us see how to draw its graphs. The graph

of sine function is drawn by using the ordered pairs between

-720' and720'. This interval between 720" and-720o ts called

the domain of the function, and is normally written in the form

siven bv: -720" < 0" < 720o

Therefore, in order to draw the graph of the sine function,

first you have the domain which are called ordered pairs -720'
< 0 < 720o. Second you must make a table of vatues which

shows the values of sines of each angie from the ordered pairs

between -720' and 720". After filling the table of values of
the sine function, then you use the table of values to draw the

graph of the function

Example

Draw the graph of sine function from the interval between

-720" and720".

Solution

The sine function is defined as y: sin 0o

Table 3 shows the ordered pairs of the sine function for angles

between -72A" and720"

Table 3.1

0o 120 -630 -540 -450 360 210 180 -90 0 90 180 270 t60 450 540 630 120

v=
sln e. 0 1 0 1 0 1 0 1 0 1 0 1 I,r 1 0 1 0

These ordered pairs from Tabie 3.1 can be plotted to get the

graph of sine function as shou,n in Frgure -3. i .
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t: sinOo

x
0 600

l

Figure 3.1

From Figure 3.1, you can see that the graph of the function of
Sin q" shows that the value of the functions repeats at intervals
of 360o. Since the sine function repeats at intervals of 360",

the sine function is therefore called a periodic function and

the interval 360' is called period of the function.

A function that does not repeat itself at an equal interval is

called non periodic function.

Thus, the value of sin -360" is the same as the value of sin
0", and also the value of sin -270o is equal to the value of Sin
90o. The interval in between is 360'. That is the difference in
interval of the sine function is given by:

Drawing and interpreting graphs of cosine functions

As you have learnt sine as an odd function cosine is considered

as an even function. The function is said to be even if /
of negative x is equal lo f of positive x, that is fl-x) : l(x),
therefore, the function is called the even function. Hence the

cosine function is an even function because thefl-x) is equal

to flx).
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For example

Cos (-45): Cos 45o

Cos (-120): Cos 120

Cos (-240"): Cos 240

In this subsection, you will study the cosine function as an

even function and the graph of the cosine function. At the end

of this subsection you will be able to draw the graph of the

cosine function and to apply the graph of the cosine function
in solving various problems which are related to this unit as

a whole.

Graph of Cosine Function

The graph of cosine function is drawn by using the ordered
pairs betr,veen -72A" a*d 720". The interval between -720'
and720" is called the domain of the function. This domain is
normally written in form given as:

-72$"<00< 720".

To dralr, a graph of the cosine function, you have to follow
three steps. The steps are, fitst, to get the domain for the
function which is ordered pairs given by the interval -720'
and 720",The second, is to make the complete tatrle of values.
The third step, is to drau, the graph by usirrg the values given
in your table of values.

Example

Draw the graph of cosine function from the interval between
-720" and720"

Solution

The cosine function is deflned &s y = cos 0o;

Table 3.2 shows the ordered pairs of the cosine function for
angles between -720 and720".

Table 3.2

eo 120 -630 -540 -450 -360 _2,70 -180 -90 0 90 180 na 360 450 540 63t) 720

v-
COS e 0 1 0 1 ,l 1 0 0 I 0 1 0 I 0 1 0
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The ordered pairs in Table 3.2 can be plotted to get the graph

of the cosine function y : cos qo as shown in figure 3.2

below.

y: cos So

v

t-

-3600 -2 0 700 3600

Figure 3.2

From Figure 3.2, you can see that the graph of the cosine

function shows that the values of the functions repeat at the

interval of 360'. That is, the value of cos -360", is the same as

the value of cos 360o and also the value of cos -180" is equal

the value of cos 180'. Since the cosine function repeats at

intervai of 360", the function is called periodic function and

the interval 360' is called the period of the function.

Thus, the difference in interval of the cosine function is given
by:

cosoo : cos (0" + 360.)

Example

Use the trigonometric graphs in the interval -360< 0oS 360o to

flnd q' such that:

(a) Sin 0" :0.4 (b) cos 0" : 0.5 (c) tan 0o : -0.5

-1 800

a

5$-

I
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Solution

You have to draw the graph of each the function and hence

use it to flnd the value of 0o by looking at the corresponding
given value.

(a) Sin 0' :0.4

Draw the graph of sine function (see Figure 3.3).

From the graph you look the points where the liney:0.4
cuts the graph of sine function and read the answers on the
x-axis

+1
y:4.4

x
o -2700 -1 090"1 60"

I

Figure 3.3

sin 0o : 0.4

sin-10.4: 0o

0o : sin-10.4 (from mathematical tables of sine inverse)

00 : -3360 -204" 1/OL+ 1 56'

(b) cos 0o: 0.5

You have to draw the graph of the cosine function and a line of

.y 
:0.5 and check the angles which are corresponding with the

intersection of the liney: 0.5 and the graph of cosine function
as you can below, in Figure 3.4.

270"
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Y - axls

0

1/:o5

Module 5

r- Aaxis
-3600 360"

-1

{

Figure 3.4

From Figure 3.4, you see that the graph of y:0.5 cuts the
graph of the cosine function at four points. These points are

comesponding to the angles, in the x-axis,

-300o, -60", 60", and 300

Thus,

cos 0o : 0.5

Cos-10.5 : 0"

0o: Cos-10.5 (from mathematical tables of cosine inverse)

.'.0o : -300", -60o, 60" and 300'

Activity 1

1. Using the trigonometrical graphs, find the sine and
cosine of each of the following angles:

(a) -300' (d) 450o

(b) -40' (e) -520"

(c) 155'

,'&*trr- x..-
ry%.#F'?w
d#%"

,1 g00 1 900

E?
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Unit Reflection

Unit Assignment

U
ra

2. Using the graphs of trigonometrical fiom interval of
-360 < 0o < 360o, flnd the value of 0o such that

(a) sin 0' : + 0.45

(b) cos 0' : -0.5

Compare your answers with the answers given at the
end of this unit.

You have compieted this unit; can you identify areas where the
knowledge of trigonometric functions can be applied? What
are the areas from this unit are still difficult to vou? How can
you do to clear your doubts?

1. Let y:% sirr"-t Yz cosx

Table3.3

x 00 300 600 900 1 200 I 500 1 900 2100 2400 2100 3300 3600 3900 4200 4500

v

a) Fill in the table 3.3.

b) Plot graph of the function.

c) From your graph solve the equation:

(, /, sinx-t Yz cos x: 0.3.

(ii) Y, sinx* lt cos x : 0.2.

d) Find the least possible value of t/, sinx * Yz cosx,
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2. Fiii in table 3.4 and plot the graph of y:cos x, for
betw'een 0" and 450"

x 00 300 60,i 900 1200 1 500 1 900 2tr00 2400 2100 3300 3600 3900 42A\) 450"

Cos x

3. (a) N{ake the table and draw the graph of, siir x *
cos x using intervals from -7200 < 0 < 72Aa

(b) Use the graph to solve

(i) Sinx * cosx:0.6

(ii) Sinxtcosx:1.2

4. (a) Make the table and plot the graph of the function,
using intervals from

-720"<e"<720"

(b) From your graph solve the equation

(i) 2sinx * 3cosx:1.7

(ii) 2sinx + 3cosx:0.9

(c) From your graph, find the greatest possibie value
of2sinx * 3cosx

5. Use the graph of cosq to flnd the value of q if 5cosq:
1.5, for

0<e <360'

6. Use the graph of y:cos 0 to flnd the angles for which:-

(a) Cos e :0.2

(b) Cos e:0.ss
(c) Cos 0 :0.65

7. Find two solutions between 00 and 3600

5$



Unit 3: Describing Sines and Cosines Functions

(a) Cos x: 0.5

(b) Sinx:0.6
(c) Tanx: -1

Activities Answers

Activity I
1. (a).Sin( - 3000): 0.9

Cos(- 3000): 0.5

(b) Sin(-aoo):O.6

Cos(-400):0.7

(c ) Sin 1550:0.4

Cos 1550: -0.9

(d) Sin 4500: 1

Cos 4500: 0

(e) Sin (-s20):-0.3

Cos (-5200): -0.9

2. (a) F 26044,153016

-333016, -206444'

(b) e: t200,2400

-2400, -1200
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Unit 4

Deriving and Applying Sine and Cosine Rules and Compound Angle
Formulae

Introduction

Learning 0utcomes

Deriving and Applying Sine Rule

Module 5

Dear leamer, in the previous unit you have leamt how to
dralr, and interpret graphs of sines and cosine functions.
It is challenge to find the sides anci angles of non right
angled triangles but this can be overcome by r-rse of other
trigonometric functions. In this unit you will learn how to
derive the sines and cosine rules which are used in solving
problem concerning non-right angled triangles. Also how to
apply compound angle formulae for sines, cosines and tangent
in solving trigonometric problems.

Upon completion of this unit you willbe able to:

. Derive and apply sine rule;

. Derive and apply cosine rule; and

. Apply the compound angle formulae for sine, cosine

and tangent in solving trigonometric problems.

Dear learner, you have completed unit 3 of this module. In the
unit you learnt about sines functions. In this section you are
going to learn about deriving and applying sine rules which
is related to trigonometric ratio as well as sine functions.
The sine rule can be stated as "in any triangle the sides are
proportional to the sines of the opposite angles"

Derivation of Sine Rule

Consider a triangle ABC with side marked by a, b, and c, as

shown in Figure 4.1.

61
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: }:.t..r.::.'\W'

bC

rilB

A
IL

Figure 4.1

From Figure 4.i you can see that the area of triangleABC

can be given by three formulas as:

Areaof DABC: Iabsinc "'""i

Area of D ABC : I a, sinFl

Area of D ABC : I bc srn1'

11

.111

Since the area of the triangle doesn't change, then equation

(i) : equation (ii): equation (iii)

Thus, larsinc: +*sinB: lucsinx

If you multiply each expression by k you will obtain

.easinr*#: Lrocsin*x1 2

z

sin C sin B
L

1r
7bx sino * #

€b€-

b

sinA
0
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This e4pression is called the sine rule, which states as follows:
in any triangle the sides are proportional to the sines of the

opposite angles. Therefore, the sine rule can be arranged in
proper ways as:

sinA-sinB-sinC
abc

The sine rule can be used in solving various problems which
are concerned with trigonometric ratios problems.

Exarnple 1

1. Find the unknown sides and angles in a triangle ABC, given
that a:7 .5cm, c : 8.6cm and $: 80".

Solution

c: B.6cm
b

B C

a:'/.5cm

Figure 4.2

(i) Size of angle A

By using sine rule

sinA sin C
a c

sin A

-/.)
Sln 900

8.6

sinA
sin 80ox 7.5

8,6

63
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but sin 80" : 0.9848 from mathematical tables

. 0.9848 x 7.5
srn ,4:-

8.6

*"5#

sin A 0.8588

Using the mathematical table, you can get angle A b,rr

taking the inverse sine of 0.8588.

sin A 0.8-588

sin -10.8588 : A

A : Sin-10.8588

A : 59" l9'.
.'.TheAngleAis 59'19'

(ii) Size of angle B

Since the angle sum of any triangle is 180o,

Therefore,

+ 59" 19'i 80' : 180"

: 180' - (59" 19'+ 80").

A3 : (180'- 130" 19')

fl : 40" 4r'

.'. Angle B:40" 4l'

(iii) Side D

By using the sine rule, you can see that

sinB_ sinC
bc

csinB
t) sin C
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but B: 40"4I'

c:80'
c:8.6

b
8"6 x sin 400 41'

sin 800

, 8.6 x 0.651 9l):
0.9948

b:5.lcm

Example 2

Find the unknown sides and angles from the following

16cm

B
23cm C

Figure 4.3

Solution

(i) Angle $
From figure 4.3,by sine ruie you will have

sinA: sin B
ab

B i'25'

65
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a:23
b -16
A :81o26'

Sin 8126'23 : sin B16

but sin 81o26' : 0.9884

sin $
16 x 0.9884

23

sin fl : 0.6876

If you take the inverse sine of 0.6876 from the table, you will
have:

sin $ : 0.5876

sin10.6876 : S

A : sin10.6876

.'. $ = 43"26'

(ii) Angle i
You can f,nd angle I by using the sum of angles of any

triangle which is 180" thus,

\ + 43o26' + 8Lo26': 180oL
^, + 124" 52': 180oL

t : 180" - 124" 52'

l\t :55"08',

(iii) Side c:

Side c can be found using a sine rule

sin A sin C

AC

A :81"26',

a:23
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C :55o08'

axsinC
' sinA

23 x sin 5508'

sin 8 jo 26'

23 x 0.8205

0.9894
L-

(a) A

.'.c:19.09cm

Therelbre. the unknowns are: side c = 19.09 cm, and

Argles S : 43o 25'and I : 55o08'

Activity 1

i. Find the unknown sides and angles in triangle ABC, given
that a:7cm, c : 8.8cm and angle e : 78".

2. Find the unknown sides and angies in triangle ABC, in which

a: 19cm, b:30cm and angie S : 1i0"t3'.

3. Find the unknown sides and angles in each of the following
triangles:

{b)

6cm

x
c x

10{Jcm

ts

Figure 4.4 Figure 4.5

Connpare your Gns\ilers with the answers given o.t the end of this ttnit

67
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Deriving and Applying Cosine Rules

Dear leatner, you leamt about deriving and applying the sine

rules. In this section you will leam how to derive and apply

cosine rule which is also related to trigonometric ratio as weil

as cosine functions. This formula is applicable on problems

involving two sides and one angle in between'

Derivation of Cosine Rule

Consider a triangie ABC drawn on a co-ordinate plane of x

andy with vettex A at the origin, verlex B at (c, 0) and vecex

C at (b cos l, bsini; as shown in Figure 4'5'

C (b cos A, tr ,in A;

b

x
A(0,0 c B(c,0)

Figure 4.6

In figure 4.6, the distance BC can be written by using the

distance formula.

BC (yr- yr)' + (x, - x,)2

The co-ordinate of B is (c, 0) and that of C is (bcosl, bsin i)'
then, the distance will be given as:

BC (bcos )-r)' +(bsin )-Cit'
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BC b'cos 'nA+r' -2b cos )+u'sin')
but BC a

Ab2 cos'A+c' -2b cosA+b2 sinz

If you square both sides you will have:

a2 : b'cos'L+ c2 - 2bc cos | + b'?Sin A.

a' : b2cos'L+ bzsin2f, t c2 - 2bc Cos i
a2: b2 (cos'?l * sin2 A) * r' - 2bc cos f

but cos2A * sin 2A :1

Also, if you flx the remaining vefiices at the origin in tum, you
will obtain the following equation of the cosine rule as:

a

b2 : a2 -t c2 - 2uc cosB

c2:a2+b2-2abcosC

Example

Find the unknown side and angles in a triangle ABC given
that a: 3 cm, c:4 cm and B : 30'.

Solution

Draw your triangle as in Figure 4.7

A

b

nD Ca:3cm

Figure 4.7

C
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(i) side 6

By using the cosine rule you will see that

b2 a2 + c2 - 2ac cosB

but cos 30o :0.866(From mathematical tables)

b2 9+16-24x0.866
b2 25 -20.8

b2 4.2

a3
ic-+

b2 32+ 42 -2x3 x 4 cos 30o

b

.'.b:2.05cm
(i0 AngleA

To find angles A, you use the cosine rule again as follows

a2 b2+c2-2bccasA
1a-J

b : 2.0s
AL-a

2bc cos A: b2 + c2 - az divtdingby Zbc both sides,

4*

ab'+c' 22b cosA

A:Cas

ACos

2b 2b
^, b2 I c2-a2lo,\A:

2bc
(2.05)'z + 42-32

2x2.05x4
4.2 + 16 -9

Cos A
2x2.05x4

tt.2
16.4

0.6829

A 46',55',

Co, ) :0.6829 = A: cos r0.6829 (from Mathematical ta'oles)
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(iii) Angles C

You can find angle $ by using the fact that the sum of
angles in a triangle is 180o

C + 4655'* 30o : 180o

C: 180' - (46"55' + 30")

C: 180" -76"55'

C: 103o05'

The unknov,tts

A:46'

Activity 2

1. Find the unknown angles in triangle ABC given

a:5lm,b=6Cmand c:4Cm.

2. ln a triangle ABC, a: l3cm, b: l6cm and c : l2cm. Find the

middle-sized angle.

3. Find the unknown side and angles in each of the following
triangles:

A (b)(a)

5cm

Figure 4.8

6.5cm
b

5 C1n

B

,% B 4cm
C

C

F'igure 4.9

1 130

,i
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(c)

6cm
5cm

B a C

Pigure 4.10

Compore your dnswers with the answers given at the end af
this unit.

Applying Compound Angle Formulae for Sine, Gosine and Tangents

Dear leamer, in previous section you have lear-nt about sine

and cosine rules. [n this section you are going to iearn about

other usefui trigonometric reiations, which can be determined

by considering the sine and cosine of the sum or <iifference of
any two angles in solving trigonometric problerns. The sum

or difference of any two angle in sine, cosine and tangents are

called Compound Angle Formulae.

Though in this section you are required to leam the application

of these formulae, it is very important to learn how to derive

them.

Let us investigate whether sin (30' + 60") : sin 30o * sin 60o

^r,
Sin (30' . 60o): sin 90o - 1. sin 30o:'/z and sin 60': Y+
: 0.866

Therefore,

sin (30' * 60')+sin 300 t sin 60' since l+I.366

Similarly, we can investigate for example,

Whether cos (180' - 90') : cos 180o - cos 90o'

Cos (180'- 90'): cos 90o:0; cos 180o: -1 and cos 90o:0

72



Therefore:

cos (180o - 90') 7i cos 1800 - cos 90o since 0*-1.

From these examples, it can be deducted that

Cosine of the sum and different of any two angles

You c:an use the knowledge of co-ordinate geometry and
cosine rule which you learrt in this module to establish the
relations between the cosine of the sum and difference of any
two angles or raciians.

Consider unit circle rvith points P and Q and angles A and B
as shown in Figure 4.11 Let the distance from P to Q be d and
distances OP and OQ be a and b respectiveiy where a and b
are radir ol a unit circle.

v

P(cos A, sin A)

(cos B, Sir B)

M

Figure 4"11

!.J
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sin(A+B) * sinA+sinB

sin(A-B) + sinA-sinB
cos (A + B) * cos u\ -t cos B

cos(A-B) I cosA-cosB
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Then, by distance formula;

6z : (cos A- cos B)'z+ (sinA- sin.B)2

:cos2 A- 2 cosAcosB*cos2fr+sin2 A-2 sinAsinB+
sin?
: (cos2A * sin2 A) + (cos? + sin'zB) - 2(cosA cos -B + sin A
sin B)

d2Z_2(cosAcosB+sinA
sinB). ......(i)

Similarly, by cosine rule,

d'=a'+b2 -2h cos(A-B) but a=landb:1(unit radii)

Therefore,

d2:1+l-2x1x1 cos(A-B)

&: 2-2 cos (A-B).
.......(ii)

Equating the expressions for d2 obtained from the distance

formula and from the law of cosines, i.e equation (i) and (ii),
we get:

This relation is true for all angles ) and fi
Let us now derive the relation for cos (A+B).

From the fact the cos (-B) : cos B and sin (-B) : -sin B, cos

(A + B) can be expressed as follows:

cos (A + B) : cos (A-(-B)

: cos A cos (-B) * sin A sin (-B)

: cos A cos B * sinA(-sinB)

.'. cos (A+B) : cos A cos B - sin A sin B

74

2-2cas (A-B) = 2-2(cos A cos B + sinA sin B)

-2cos (A-B) :-2(cos A cos B + sin A sin B)

.'. cos (A-B) : cos A cos B -| sin A sin B.
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This relation is true for all angles ) and i,
The relations for cos (A-B) and cos (A+B) for angles A and B
will be the same for functions of numbers.

Therefore,

Cos (s-t): cos s cos t + sin s sin t

.'. cos (s+ t): cos s cos t - sin s sin t

Example 1:

Find cos 135o from cos (90o + 45")

Solution:

Cos 135": cos (90o + 45")

: cos 90o cos 45o - sin 90o sin 45o

:(oxEt-rrx{2- r. -r-, \t^a- I
L

J'
2

Example 2:

Find the value of cos (

Solution:

cos fi: cos 
3- 

cos sin

It 7f,r
- 

_ _l34'

,IE

41n
7t;i
J

TE

4'(+ 
+)

=( 1

T* {2t+r'13 x42)' ) 6-
L

Ji *"la

r;-
\2

4 ^/E-4
7

4
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Activity 3:

1. Find the value of cos 15'by using cos(45' - 30o)

2. Find cos 105o from cos (45'+60')

3. Verifu that cos ( " ? cos n cos 
2rJ + sin t sin 

2rJ.

4. Veriff that the following relations are tn-re for all value of t

(a) cos (x - t1 : -rot ,

(b) cos (2x-t) : cos t

(c) cos G -,1 : sin t
1

(d) cos(*"-t):sint
5. Verify thatios (30" + 60') : cos 30o cos 60o - sin 30o sin 60o'

6. Verify by the formula for cos (t + s) that cos (t + 2n): cos t'

What does this show abcut the period of the cosine function?

Sine of the Sum and Diflerence of any two Angles

You have managed to derive compound angies formuiae for
cosines. Now you can use the knowledge of cosines of the

sum and difference of any two angles to derive compound

angles of the sum and difference of any two angles.

Consider C to be anY acute angle.

Then cos (90'-C): cos 90" cos C * sin 90' sin C

:0xcosC+lxsinC
: sin C.

Cos (90' -C): sin C

Let C be (90" - A)

Then 90' - C : 90o - (90' -A) :A

This means that

cos (90o - C) sin C becomes cos A: sin (90" - A).

Now, let C be another name for (A+B). The formula for the

sine of the sum of the two angles A and B can be found as

follows:

Sin (A+e): cos (90' - (A+B)

Sin (A+B): cos [(90' - A) * B]

s*
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Sin (A+B):cos(90"-A) cosB + sin(90"-A) sinB

Sin (A + B) : sin A cos B* cos A sin B

The fonrrula for the sine of the difference of any two angles A
and B can also be found by considering sin tA + (-B)l in the
formula for the sum above.

Noting that,

{-Bi=-sinB.
=sinA

The relations for Sin (A + B) and sin (A-B) for angles A and B
will also be the sarne for functions of numtrers.

Therefore,

Exampie 1:

Verify that sin (90" + 30") : sin 90o cos 30" f cos 90o sin 30"

Sin (A- E) = sin A ens B * cos A (-sin B)

Sin (A- E) = sin A cos B * ctis A sin B

^/ra
RHS: sin 90o eos 30o * cos9Oo sin 30o : (1q) + (O x | ): q.

Solution:

LHS: sin (90o+30o) : sin 120o : sin (180' - 120') : sin 60" :

.'. Cos (90' + 30') : sin90'cos30o r cos9*o sin30"

Example 2:

verifyrhat,,{+ _ 
t) =,r(+) .",(;) _."i?),r"[;)

77

SinLs - t) : sin s cos t * cos s sin t

Sin is+ i) : -*in s cos t - cos s sin t
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Solutien:

LHS: sin

RHS: slnrrf co
J n

2Tt- cos 
3-7r 

sm 6

Activity 4

1. Verifiu that sin (30" + 60") : sin 30o cos 60o * cos 30o sin 60o.
)52552. Verify that sin (? * t): sin fl cos i sin fn .

3. Use sin [s+(-t) to help find a formula for sin (s-t).

4. By using the formula for sin(A-B), show that sin (90'-C) : cos C.

5. Find the value of sin 15o from sin (3 15' - 300').

6. Verify that sin 90' :2 sin 45o cos 45o.

7. Find the value of sin (t + zr ).

8. Find the value of sinf;ru from sin( ? 3,
Compare your answers with the answers given at the end of

this unit.

Sum and Difference of Thngent of two Angles
In the previous part we have been finding sine of the sum
and difference of any two angles. Similarly you can flnd the
compound formulae for tangent by using compound formulae

for sine and cosines. The sum of tangent of two angles is
obtained by taking the ratio of sum in sine of two angles to the
sum in cosine of two angles.

,,-

T-6t
2

. 3tt ir:SlI1-:Slfl-:l
62

7E

6sln

sin(| rE -t) :sin l" "o"[

2
COS;

J

7ts6

31
-- 

!_- |
-4 '1 4-L

( 1+ 1l *l)\E, ^E11LL

-# -*.5 X,fir[.ffi
,&ffih
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Module 5

tan (A + B) : Sin (A+B)

Cos (A+B)

sin I
-sinl

by cos A cos B throughout and

tan A + tanB
1- tan Atan B

{A+B'1=

For the difference of tangent of two you obtain by taking the
ratio of difference in sines of two angles to the difference in
cosines of two angles.

tan(A- B) _ sin(A- B)
cos(l - B)

tan(A- 3 1 -lin I cosB- cos lsin B
cos I cos B + sin Asin B

Dividing by cos A cos B throughout and sirnplify you obtain

t.an(A- B) lar. A-tan B
1 l tan Atan B

Example

without using table or calculator find the exact value of tan 150

Solution:

Tan 150: tan (450 300)

But tan (A B):

tan 450 - tan 300
Tan (45'- 30') - 1* tan 450 tan 300

tan(A + B)



Unit 4: Deriving and A.pplying Sine and Cosine Rules and Compound Angle Formulae

For special angles

tan 450 : I
I;

tan 300: ^'l+
3

ta,-r+
Then tan l5o: 

-

1+1({1)
3

3 ^/T:,

3 +{T

3-^/T
tan 150: ----tF

3+^/r

Activity 5

1 . Given the triangles in figure 4.12 and 4. i 3, flnd tan (A+B)

29 4t
20

9

21

Figure 4.12

40

Figure 4.13

2. Let Abe the angle for which siri A: 315 and
cosA: 415. Findthe exact value of tan (A+60)

3. Without using table as calculator find the eract r,alue of tan i5o

t

A
B

80
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Unit RefleetEon

A

lCcm

Module 5

6cm

Dear learner, you have already learnt how to derive and apply
sine and cosine rules also the compound angles rormutae ior
sine, cosine and tangent in solving trigonometric problems.
How well can you apply this knowledge in various areas in
your life? Have you ever visit land suwey office? What do
they apply the cosines sine rutres anci compound angles to
subciivide the land into small plots? Do you tt i* trr..Jis any

other place this knowleclge can be used?

Unit Assignment
1. calculate the unknown sides and angres in f,gures 4.r4 and,

4.15.

(a) (b)A

8cm

EIJ

C

F'igure 4.14 Figure 4.15

2. Given that a: 10cm, b : gcm and c : 12cm from a triangle,
- lnd the angles in rhat triangle.
3' Find the unknown side and angles irr each of,the following:

(a) A (b)

6cm'

b

Ba

5cm

{-

15 C

Figure 4.tr5

4cm

Figure 4.17
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Unit 4: Deriving and Applying Sine and Cosine Rules and Compound Angle Formulae

4. Show-that sin 900 : 2sin ,150 cos -i,50

5. Given that sin eo : sin 1500 and q" is an acute angle flnd the
value of an angle qo.

6. Express the following in terms of the sine, cosine or tangent
ofan acute angle:

(a) cos 200".

(b) sin 300".

(c) tan240'.

7 . Yerify that for any angle C, cos (900 - C) : sin C.

8. Verify that cos ( *" * "i: "orflr.o, f n + sinfu sin

9. Find cos 2550 from cos (450 + 2100).

10. Verify that cos (1800 + 450): cos 1800 cos 450 - sin
1800 sin 45o.

11.Veriflz that the following relations are true for all values of t

(a) cos (n+ t): -cost.

(b) cos (2n + t): cost.
IE

(c) cos ( Z + 0: sin t.

(d) cos I 1n + t): - sin t.
tz.veiifu thai#n ( U.-La: sinln.o.2,, - rnr2nsin Zn262636
13.By lettingA: B in sin (A+B), find the formulae for sin 24.

l4.Find the sin 2250 from sin (1800 + 45A

15.VeriSz that sin (1800+450 : sin1800cos 450 + cos 1800 sin 450

l6.Without using table or calculator find the value of
(a) tan 1350

(b) tan 1050

17.Given the triangles in figures 4.18 and 4.19. Find the value of
tan (C-D)

5
J
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Module 5

l7 25

15 24
Figure 4.18 Figure 4.19

1 S.Verify that cos( 1 80o-90") : cos 1 S0ocos 90o + sinl 80'sin 90'

19.Verifi, that cos(90' - 60') : cos 90o cos 60o * sin 90'sin 50.o

Activities Answers

Aetivif 1

1. Side b : 6.98 cm, angle A 51.080, angle B : 50.920

2. Side c : 17.56 cm, angleA 36.450, angle C: 33.320

3. (a) Sides a: 8.5 cm, angle c 7.70, angle A: 760

(b) Side x : 121.1 cm. angle X 128.8a, Z: 11.120

Activity 2

1. angle A : 55o46' , angie B : 82"49' , angle C : 41o25'

2. angleA:53'12'

3. (a) Side a: 3.8 cm, angle B 560, angle A: 840

(b) Side a: 7.5 j cm, , angle A 29018', angle C: 32a42,

(c) angle A 380, angle B 91048', angle C 50012,

17

0 D

I



Unit 4: Deriving and Applying Sine and Cosine Rules and Gompound Angle Formulae

Activity 3

1' Ji*"G
4

4

Activiff 4

5_"' ..la-..'lz

4

,."G+"D
4

Activity 5

1. 0.0205

2. -8.1413

3..|i J_.VJ

z+ 
"11

I
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